Given a finite group G acting on a topological manifold M, when can we put a smooth structure on M such that G acts smoothly? Our approach to this problem is via equivariant immersion theory. This generalizes the immersion theory approach of [12] , and we begin by reviewing these ideas. Details will appear in [13]. In fact, define smooth local coordinates on M by pulling back the local coordinates on V via the local homeomorphisms. We will denote this smooth structure by M a .
The immersion approach to smoothing theory. A map a: M" -* M£ between w-dimensional topological manifolds is called a (topological)
immersion if a is a local homeomorphism. Of course, a smooth immersion is a topological immersion of the underlying topological manifolds. The basis of the immersion approach to smoothing is the following trivial lemma: LEMMA 
A topological immersion a of a topological manifold M
n into a smooth manifold V n defines a unique smooth structure on M such that a becomes a smooth immersion.
In fact, define smooth local coordinates on M by pulling back the local coordinates on V via the local homeomorphisms. We will denote this smooth structure by M a .
Recall that the differential of a smooth immersion ƒ: V" -» V 2 induces a bundle homomorphism df: TV X -> TV 2 of the tangent vector bundles which is an isomorphism on fibres. Call such a bundle homomorphism a representation and let R(TV V TV^) be the space of representations with the C°-topology and I"*(V X , V£ the space of smooth immersions with the C 00 -topology. The Smale-Hirsch theorem for manifolds of the same dimension states: 
where F is obtained by forgetting the smooth structure and <J> by embedding TV as a neighborhood of the diagonal inV X V via the exponential map and observing that the topological differential and smooth differential then agree up to a natural homotopy. As an example, if rM n is trivial, i.e., equivalent to M X R", we can obviously construct a microbundle representation of rM into TR". By Theorem B, if M is open, there is a topological immersion a: M -> R n , which defines a smooth structure M a on M by Lemma 1.
More generally (and avoiding technicalities), if rM contains a vector bundle £ and U is a contractible open set of M, £| U is trivial and we have a vector bundle representation £|£/-> TR n and hence a microbundle representation TU = rM\U-+ TR" 9 which induces a smoothing of U. Further, because the smoothing of U corresponds to the trivialization of £| U 9 if U' is another such neighborhood, the smoothing of U C) U' can be extended to a smoothing of U' corresponding to £\U'. That is, by Theorem A (relative version), there is a smooth immersion ƒ of Un U' in R n whose differential extends to a vector bundle representation of Z\U'-* TR n . By Theorem B (relative version), ƒ extends to a topological immersion/: U'->R n which induces a smooth structure on U' extending that on U n U'. Thus by induction over a countable open cover we get a smoothing of M corresponding to the reduction £ of rM 9 provided M is open.
Define two smooth structures M a9 M# on a topological manifold M to be The condition n ^ 4 comes from the fact that the immersion theorem does not apply to closed manifolds so that we have to apply it to M -p. In order to extend the smoothing over p, and to prove uniqueness up to isotopy, the smoothing near p has to be "straightened out" and this requires engulfing techniques which hold for n > 5. The case n < 3 is classical.
Now homotopy classes of reductions of TM correspond to homotopy classes of lifts of the classifying map r: M -» B Top" of the tangent R n bundle to BO n . Here Top" is the group of homeomorphisms of R n with the C°-topology and O n is the orthogonal group. The map of classifying spaces BO n -> B Top" may be considered as a fibre space with fibre Top n /O n . Thus the obstructions to smoothing and uniqueness lie in ^(Top^/O,,), i < n.
The analogue of the fact that
is the pseudoisotopy or concordance group of S"; i.e., homeomorphisms of I X S n , I = [0, 1], which are the identity on 0 X 5". Thus we have a homotopy theoretic fibration Top n /O n -» Top n+l /O n+l with fibre C(S n ). For n < 3 every manifold has a unique smoothing up to isotopy. For n > 5, it can be shown that ^CiS") = 0 for i < /i + 1. In fact, by surgery arguments of [7] and If V is a smooth G-manifold, the differential of the action of G on F induces an action of G on TV making it into a G-vector bundle [3] and [17] : DEFINITION. A G-vector bundle is a vector bundle/?: E-+B where E and B are G-spaces, p is a G-map, and the action of G on £ is through vector bundle maps.
The differential of a smooth G-immersion/: V" -* V^ induces a G-bundle homomorphism df: TV X -» TV 2 which is an isomorphism of fibres. Let R G {TV Xy TV 2 The notion of local triviality for G-vector bundles is somewhat more involved than for ordinary vector bundles: If £ is a G-vector bundle over a completely regular G-space X, for each x OE X there is a slice S x (i.e., the orbit Gx through x has a G-neighborhood GS X , G-equivalent to G X^ S x ) 9 such that (\GS X is equivalent to the G-vector bundle l p (S x ): G X Gx (S x X /?£)-> G X Gx S x (obvious projection), where R£ is an orthogonal G x space, p: G x -» O n a representation.
) be the space of G-vector bundle representations and AT(^i> ^2) Ae space of G-immersions. Bierstone [3] has given an equivariant Gromov theory proving in particular a G-version of Theorem A. To state it we first need the definitions: DEFINITION (BREDON [4]). A topological G-manifold M is called
Note that since M is locally smooth TM is locally G-equivalent to a G-vector bundle and hence locally G-trivial in the above sense. One may prove a G-Kister theorem for locally G-trivial microbundles and show the category of locally G-trivial microbundles coincides with the category of locally G-trivial G-R n bundles. Now T(G X Gx R£) = G X c (R£ X R^) and we have an obvious Gvector bundle map of l p (S x ) -> Y(G X Gx R£) sending S x to 0 e R£.
Thus again we have that if rM contains a G-vector bundle £ we can cover M by G-invariant neighborhoods U = GS X such that £| U is G-trivial and hence we get a G-immersion (/-» G X G R p and a G-smoothing of U by Lemma 1 eq. Then using Theorems A eq. and B eq., we get by an argument completely analogous to the G-trivial case that if M satisfies the Bierstone Condition and rM reduces to a G-vector bundle £, then M has a G-smoothing corresponding to the reduction of rM to £ (cf. [2] ).
To obtain a result for arbitrary G-manifolds we must use a G-engulfing theorem. This is proved from the ordinary engulfing theorem by inducing up the orbit types and leads to: THEOREM C EQ. If dim H ^ 4 for any H c G, the isotopy classes of G-smoothings of M are in bijective correspondence with the homotopy classes of G-vector bundle reductions ofrM.
We remark that it isn't necessary to assume M is locally smooth, because it is easy to see that if rM reduces to a G-vector bundle then M must be locally smooth.
The where Â a {S k~x ) = group of block homeomorphisms of S k~x commuting with a (see [12] ). Hence we get a split injection:
^(Â^S^yo^Q^o^/O^^^TopUi/O^ i < /.
Further, from the fibration above, using the fact that ^CiS 1 ) = 0, / < / + 1, we get the exact sequence: 
